RANDOMIZED SERIES AND GEOMETRY OF BANACH 

SPACES 



HAN JU LEE 

Abstract. We study some properties of the randomized series and their apph- 
cations to the geometric structure of Banach spaces. For n > 2 and 1 < p < oo, 
it is shown that is representable in a Banach space X if and only if it is rep- 
resentable in the Lebesgue-Bochner Lp{X). New criteria for various convexity 
properties in Banach spaces are also studied. It is proved that a Banach lattice 
E is uniformly monotone if and only if its p-convexification E'^p^ is uniformly 
convex and that a Kothe function space E is upper locally uniformly monotone 
if and only if its p-convexification iJ^P-' is midpoint locally uniformly convex. 



1. Randomized series 

Let {r„}J^^ be a sequence of mutually independent, symmetric and integrable 
random variables on a probability space (fi, J-", P) and {x„}J^q an arbitrary se- 
quence in a Banach space X. A randomized series Sn is a vector-valued random 
variable defined by 

Sn = Xo + riXi-\ hr„x„, (n = 0, 1, . . .) 

Let J-'o be the trivial cr-algebra {0, Q} and J-'k, {k > 1) the a-algebra generated 
by random variables {rjjjLj^. It is easy to see that the sequence of randomized 
series {Sn}'^=Q is a martingale with respect to the filtration {JF„}J^q. In this 
paper, E stands for the expectation with respect to the probability P. 

We begin with the basic properties of the randomized series. For more prop- 
erties of random series, see 1101. 



Proposition 1.1. Let (p he a convex function on R. Then {^{\\Sn\\)}^=Q is a 
submartingale with respect to {JF„}J^q. In particular, 

E[v.(||5o||)]<EK||5i||)]<EK||52||)]<---. 

Proof. In the proof, the notation E[ • \Q] means the conditional expectation with 
respect to the sub-cr-algebra Q and we need to show that E[(y9(||S'„+i||)|J?-^„] > 
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V^(||5'„||) almost surely. By the independence and sjTiimetry of {r^} we get, for 
almost all u & Q, 

E[(^(||5„+i||)|J-„]M= f <^(||5„H+r„+i(t)x„+i||)rfP(t) 

Jn 

'f{\\Sn{uj)+rr,+i{t)Xn+l\\)+ip{\\Sn{u;)-rn+l{t)Xn+l\^ ^p^^^ 

> I (^(||5„H||)rfP(t) = ^(||5„HI|), 

which completes the proof. □ 

Proposition 1.2. Let ip be a convex increasing function on [0, oo) andx,y G X. 
Then the function ip onM defined by 

^i\)=E[^i\\x + \ny\\)] 

is an increasing convex function on [0, oo) with ipi^) = '^{\M) Z'^'" every A G M. 

Proof By the convexity of ip, we get ip^X) = ^[ip{X) + ■?/'(— A)] > ip{0) for every 
real A, which implies that A ^ "^(A) is increasing on [0, oo). Clearly A i— > ip{X) is 
an even function on M since ri is symmetric. □ 

Since random variables {ri}i are independent, Proposition 11.21 shows that for 
any two real sequences {Xi}^^^ and satisfying |Aj| < for i = 1, ■ ■ ■ , n, 

and for any xq, Xi, . . . , x„ in X, we get 

E[v9||xo + Airixi H h Anr„x„||] < E[v9||xo + ^iriXi H h ^n?^„x„||]. 

A convex function (f : [0, oo) — M is said to be strictly convex if 

< 2 

holds for all distinct positive numbers s, t. Notice that if ip is strictly convex and 
increasing on [0, oo) and a, b are real numbers with b ^ 0, then 

+ .,61,1 = ^ f(\- + rM + ^Ha-rM ^ ^ ^^^^^^^ 

Now we state our main theorem concerning the randomized series. 

Theorem 1.3. Let {xi}^^^ be a finite sequence in a Banach space X, ip a strictly 
convex, increasing function with y9(0) = and {rj}^;^ symmetric independent 
random variables with || r-j || oo = 1, (i = 1, 2, ■■■ ). 

Suppose that there is a constant p > such that the following holds: 

sup ||eiXi H h e„x„|| > + p. 

ei=±l,...,e„=±l 

Then there is a constant 6 = 6{p) > such that 

+ r2X2 + ■■■ + rnXnW)] > ^i\\xi\\) + 5. 
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In particular, if we take pi = min{p, 1/2}, then 

Pi 



S = mm^(f{^)Y[P{\ri-l\ < ^},mm^E 



i=2 



3n ' ' '2<j<n ' 



V'dkill) 



Proof. We adapt the argument in the proof of Proposition 2.2 in [3j. We assume 
that there exist < p < 1/2 and signs 62, . . . , Cn such that 

||Xi + 62X2 H h tnXnW > \\Xi\\ + p. 

Select a unit element x* in X* such that x*{xi) = \\xi\\ and let Aj = for 
1 < i < n. Now we shall consider two cases according to the size of |Aj|. In the 
first case we suppose that max2<j<„ |Aj| < If jr/j — e^l < (2 < z < n), then 

„ P „ „ 2p 

\\xi + V2X2 H ^VnXnW > \\xi + 62X2 H enXnW ^ 3 > Fill + y- 



Since |Ai + 772 A2 H h r]n\n\ < |Ai 



Xill + |, we get 



\Xl + ^2X2 + 



VnXn 



> |Ai +r72A2 H iinKl + g, 



if \Vi - qI < 4' (2 < ^ < Let 



n 

F=f]{wen:\r,{w)-e,\<£] 



i=2 

and take T„ = xi + r2X2 + ■ ■ ■ + r„x„. Then we have 

Eb(||T„||)] = EM\\TJ)xf] + EM\\TJ)XF^]. 
Since ip{a + b) > ip{a) + (p{b), (a, 6 > 0), 

E[ip{\\Tn\\)xF] > E[<^(|Ai + r2A2 + ■ ■ ■ + r„A„| + p/3)xf] 

> E[ip{\Xi + r2A2 + ■ ■ ■ + r„A„|)xF] + </^(p/3)P(F). 

Hence 

E[ip{\\Tj)] > E[v9(|Ai + r2A2 + ■ ■ • + r„A„|)] + y.(p/3)P(F) 

> ^(Ai) + (/.(p/3)P(F) = ^(llxill) + ¥.(p/3)P(F). 

Notice that P(P) = 11^=2 -Pj""^ ^ ^ • kj('W^)~l| < > for r^'s are independent 
symmetric random variables with ||rj||oo = 1, = 1, 2, ■ ■ ■ ). In the second case 
we suppose that there exists io (2 < io < such that |Ajo| > It follows from 
Proposition 11.11 11.21 and strict convexity of if that 

E[^(||r„||)] > E[(^(|Ai + r2A2 + ■ ■ ■ + r„A„|)] 
>E[(^(|Ai + ri„AiJ 



> E 



> ^(Ai 



= ¥'(lki||)- 
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The proof is complete. □ 

2. Representability of i'^ 

A Banach space Y is said to be representable in X if, for each A > 1, there 
is a bounded hnear map T : Y X such that ||x|| < ||Ta;|| < A||a;|| for every 
X E Y. A Banach space Y is said to be finitely representable in X if every finite 
dimensional subspace of Y is representable in X. 

It is well-known due to the work of B. Mauray and G. Pisier [H] that Cq is 
finitely representable in X if and only if cq is finitely representable in Lp{X) for all 
1 < p < oo. S. J. Dilworth considered the quatitative version of this theorem in 
[3], where he showed that if X is a complex Banach space, n > 2 and < j9 < oo, 
then ^^(C) is representable in X if and only if it is representable in Lp{X). As 
we see in the next example it is not true for real Banach spaces. 

Example 2.1. Let X be a nontrivial real Banach space. Then £^ is repre- 
sentable in Li([0, Indeed, if we choose the Rademacher sequence {r„ = 
sign(sin2"'7rt)}5^;^ in Li[0, 1] and Xq G Sx, then x = tiXq and y = r2Xo are the 
elements of unit sphere of Li{X) and they satisfy 

+ 2/|Ui(x) = - vh^ix) = 1, 
which means that i"^ is representable in Li{X). 

The subharmonicity of absolute value of holomorphic functions on C plays the 
crucial role in the proof in [3]. In this paper, the strict convexity of (p{t) = \t\P 
{1 < p < oo) on M plays the analogous role, and thus it is shown here that is 
representable in X if and only if it is representable in Lp[X) for every 1 < p < oo. 

The following proposition is a real version of Proposition 2.2 in [5]. 

Proposition 2.2. Let {ri}°l^ be symmetric independent random variables with 
Ikilloo = 1; = 1) 2, ■ ■ ■ ). Suppose that X is a real Banach space and that n >2. 
The following properties are equivalent: 

(1) £^ is not representable in X . 

(2) There exists p > such that whenever xi, . . . ,Xn are unit vectors in X , 
then there exist signs ei, . . . , e„ such that 

\\eixi H h e„x„|| > 1 + p. 

(3) There exist strictly convex, increasing function ip on [0, oo) with ip{0) = 
and p > such that whenever xi, . . . ,Xn are unit vectors in X then 

E[lp{\\xi + r2X2 h r„a;„||)] > ip{l) + p. 

(4) For each strictly convex, increasing function ip on [0, oo) with (f{0) = 0, 
there is p > such that whenever xi, . . . , x„ are unit vectors in X then 

E[ip{\\xi + r2X2 h r„x„||)] > (p{l) + p. 
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Proof. The implications (4) =^ (3) =^ (2) =^ (1) are clear. To show (1) =^ (2), 
suppose that (2) fails, so for any p > there exist unit vectors Xi, . . . ,Xn in X 
such that for all signs ei, . . . , e„, we have 

||eixi H h enXnW < 1 + p. 

It follows that for all Ai, . . . , A„ with 1 = lAjgl = maxi<j<„ |Aj|, we have 

||AiXi H h XnXnW < 1 + p. 

Hence 

1 = ll-^io^ioll ^ ■^ll'^^"''^ + ■ • • + A„x„|| + -||AiXi + • • • + A„x„ — 2AjgXjQ|| 

1 1 
< 2 ""^^^i ^ '^"^"11 2 

Thus, IIAiXi + ■ ■ ■ + A„a;„|| > 1 — p. Since p is arbitrary, it follows that is 
representable in X. Now we have only to show that (2) =^ (4). Suppose that (2) 
holds and that is a strictly convex, increasing function on [0, oo) with (p{0) = 0. 
There is0<p<l/2 such that whenever unit vectors in X, there 

exist signs €2, . . . , e„ such that 

||xi + €2X2 H e„x„|| > 1 + p. 

Then Theorem 11.31 shows that (2) implies (4). □ 

Notice that in the case of the Rademacher sequence {r„}, for every xi, . . . ,Xn 
in X, 

E[Lp(\\riXi H h r„x„||)] = ]E[v9(||xi + r2X2 H h r„2;„||)]. 

The following theorem shows the lifting property of representability of i"^- 

Theorem 2.3. Suppose X is a Banach space, (M, !H, p) is a measure space with 
a measurable subset A satisfying < fi{A) < 00, and 1 < p < 00, n > 2. Then 
is representable in X if and only if it is representable in Lp{M, OJl, p; X). 



''OO 



Proof. One implication is clear. To prove the other implication, suppose that 
i"^ is not representable in X and let {r„} be the Rademacher sequence. By 
Proposition 12.21 there exits < p < 1/2 such that whenever unit 
vectors in X, we have 

Ellnx + r2X2 + ■■■ + rnXnf > (1 + pY- 

Suppose that /i, . . . , /„ are unit vectors in Lp(X). We define the following func- 
tions on M. For w G M, let 

gH^ = Elln/iH + ■ ■ ■ + r„/„(uOr, 
M{w) = max{||/iH|| : 1 < z < n}, 
m{w) = min{||/j(w) II : I <i < n}. 
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By Proposition II ■![ q{w) > M{w) for all w G M. Now the argument divides into 
two cases according to the relative sizes of M{w) and m{w). In the first case we 
suppose that (1 — p/3)M{w) > m{w). Then 

n ^-^ n n 



i=l 



p 



6n \ n 



^Eii/^Hir 



1=1 



and so 



1 " 
1=1 



wW. 



In the second case, we suppose that (1 — p/3)M{w) < m{w). Then 
q{wY > (1 + pYmP{w) 

p\p 1 



i=l 



2/ n 

j=i 

Hence by the Fubini theorem, 

E||r/i + ■ ■ ■ + tMIIp^x) = ^(^y > { + f )' ' + 4) } ' 

which shows that i^o representable in i^p(X) by Proposition 12.21 The proof 

is completed. □ 

3. Applications to the convexity of Banach spaces 

Recall that a point x in Sx is an extreme pointoi Bx if max{||x+?/||, = 
1 for some y & X implies ?/ = 0. A point x G Sx is called a strongly extreme 
point of Bx if, given e > 0, there is a 5 = e) > such that 

inf{max{||x + y\\, \\x — y\\} : \\y\\ > e} > 1 + (5. 

A Banach space is said to be strictly convex (resp. midpoint locally uniformly 
convex) if every point of Sx is (resp. strongly) extreme point of Bx- A Banach 
space is called uniformly convex ii, given e > 0, there is a 5 = S{e) > such that 

inf{max{||x + y\\, \\x — y\\} : \\y\\ > e, ||x|| = 1} > 1 + 6. 

Theorem 11.31 gives the following criteria for the various convexity properties. 
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Theorem 3.1. Let X be a real Banach space and (p, a strictly convex increas- 
ing function on [0, oo) with V5(0) = and r, a symmetric random variable with 
\\r\\oo = 1. Then 

(1) A point X in Sx is an extreme point of Bx if and only z/E[(y9(||x + ry||)] = 
ip{l) for y E X implies y = 0. 

(2) A point X in Sx is a strongly extreme point of Bx if and only if for every 
e > there is a 5 > Q such that whenever ||?/|| > e, we get 

nv{\\x + ry\\)]>^{l) + 5. 

(3) X is uniformly convex if and only if the modulus 5^(e) > for every e > 0, 
where 5^{t) = inf{E[v9(||x + ry\\)] - (p{l) : x G Sx, \\y\\ > e}. 

Proof. We prove only ([3]) because the proof of the others are similar. Suppose 
that X is uniformly convex. Given e > 0, there is a p > such that for any 
X E Sx and y E X with \\y\\ > e, we have 

max{||a; + y\\, \\x — y\\} > I + p. 

Then Theorem 11.31 shows that there is 5 > such that for any x G Sx and y with 

\\y\\ > e, 

nv{\\x + ry\\)]>^{l) + 6. 
Conversely, suppose that S^{e) > for every e > 0. Then given e > for any 
X E Sx and y E X with \\y\\ > e, we have 

max{y^(||x + y\\), ^{\\x - y\\)} > max^M\\x + ty\\)} > E[ip{\\x + ry\\)]. 

Since (p is strictly increasing we get, for any x E Sx and y E X with ||y|| > e, 

max{||x + y\\, \\x - y\\} > p-\l + 6^{e)) > 1. 

Therefore X is uniformly convex and this completes the proof. □ 

It is worthwhile to notice that Theorem 13.11 does not hold if we consider the 
general increasing convex function ip with <p{0) = 0. Indeed, it is easily checked 
that if ip{t) = \t\ and {r„}„ is the Rademacher sequence then for any nontrivial 
Banach space X, 

E||x + rix|| = 1 (x G Sx)- 

Consequently, we cannot characterize the extreme point of Bx with (p{t) = t. 

We shall discuss the uniform convexity of p-convexification E^^^ for uniformly 
monotone Banach lattice E. For more details on Banach lattices, order continuity 
and Kothe function spaces, see [I3]. For the definition of p-convexification E^^^ of 
E and the addition © and multiplication there, see [TTl|T3j. A Banach lattice is 
said to be uniformly monotone (resp. upper locally uniformly monotone) if given 
e > 

Mp{e) = inf{||(|x|P + ly^^^^W - 1 : \\y\\ > e, ||x|| = 1} > 
(resp. A/p(e;x) = inf{||(|x|P+ - 1 : lll/ll > e} > ) 



8 



HAN JU LEE 



for some 1 < p < oo. It is shown in [TTl 112] that, given e > and 1 < p < oo 
there is a Cp > such that for every e > 0, 

(3.1) iMi(C-ie^) < Mp(e) < Mi(e). 

In the case when E is an order continuous Banach lattice or a Kothe function 
space, we also get the following relations by Lemma 2.3 in [12]: There is a Cp > 
such that every x E Sx and e > 0, 

(3.2) C;'N^{C;h'';x) < N,{e;x) < m{e,x). 

Notice that relations (13. ip . (13. 2p show that if a Banach lattice E is uniformly 
monotone then E^^/^^ is uniformly monotone quasi-Banach lattice for 1 < p < oo. 
Similarly, if E is upper locally uniformly monotone order continuous Banach lat- 
tice or Kothe function space, then is also upper locally uniformly monotone 
quasi-Banach lattice for 1 < p < oo (cf. [Hj). The characterizations of local uni- 
form monotonicity of various function spaces have been discussed in [7J. 

In [9], H. Hudzik, A. Kamihska and M. Mastylo showed that if a Kothe function 
space E is uniformly monotone then its p-convexification E^'^'' is uniformly convex 
for 1 < p < oo. A partial generalization of this result has been studied by the 
author in [11] , where it was shown that if a Banach lattice is uniformly monotone 
then E'^'p^ is uniformly convex for all 2 < p < oo. In the next theorem, the gap is 
completed. 

Theorem 3.2. Let E he a Banach lattice. The following statements are equiva- 
lent. 

(1) E is uniformly monotone. 

(2) E'^p'^ is uniformly convex for alll < p < oo. 

(3) E^P'' is uniformly convex for some 1 < p < oo. 

Proof. Proposition 4.4 in [TT] shows that uniformly convex Banach lattice is uni- 
formly monotone. So if we assume ([3]), then E^^^ is uniformly monotone and E 
is uniformly monotone. Hence ([3]) ^ ([1]) is proved. The implication ([2]) ^ ([3]) is 
clear. So we have only to show that ([1]) implies ([2]). 

We shall use Theorem 13. II (3) with the Rademacher function |r| = 1. Let e > 
and let f,ge E^^) with = \\f\\]{,^ = 1 and Me,,, = > e. Recall 

the following well-known inequality (cf. Lemma 4.1 [TT]) : for any 1 < p < oo 
there is C = C{p) such that for any reals 



C 



s + t 



1 

2\ 2 



< 



+ \t\p\p 
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Then applying the Krivine functional calculus to the inequality above, we get 
(3.3) E[||/©(r0<7)M =E[|| If'^' + rg'^rh] 

E|| |/i/p + ^^i/p|p||^ + E|| \f^^^ -rg^/P\P\\E 



> E 



> E 



IJl/P _|_ j-g^/P^P _|_ IJl/P _ j^g^/P^P 



|;|2/P + 

|/|2/P + 



2/p\ P/2 



C2/P 

|2^PX-/2 
C^P 



E 



By (O, if 1< P < 2, then E[||/©(r0(7)||^(^)] > 1 + M2/p(2eVC). In the 
case of 2 < p < oo, fl3.3l) shows that 



EOi/©(^0^?)r^,.,] > 



l/l^/p + 



C2/P 



> 



I/I 



C 



> l + Mi(2e7C). 



□ 



Hence 

E[||/ © (r ^?)||^,,)] > 1 + M^,.|i,2M(2e7C) 
completes the proof. 

Now we discuss the the local version of Theorem 13. 2[ A point x G Sx in a 
complex Banach space X is said to be a complex strongly extreme point if there 
is < p < oo such that given e > 0, 

r2n \ 1/P 

\\x + e'%\\P de 



Hp{e] x) = inf 



1 

2^ 



1 : Ibll > e S > 0. 



It is known in [1] that x G Sx is a complex strongly extreme point if and only 
if for every e > 0, 

Hooie; x) = inf| max ila; + e'^yll - 1 : ||v|| > e| > 0. 

0<6»<27r 

For more details about these moduli, see [21 [3l H] . A complex Banach space X 
is said to be locally uniformly complex convex if every point of Sx is a complex 
strongly extreme point. 

Theorem 3.3. Let E be an order continuous Banach lattice or a Kothe function 
space. Then the following are equivalent: 

(1) E is upper locally uniformly monotone. 

(2) is locally uniformly complex convex. 
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(3) E^^^ is midpoint locally uniformly convex for all 1 < p < oo. 

(4) E^^^ is midpoint locally uniformly convex for some 1 < j9 < oo. 

Proof. First we prove the equivalence of (1) and (2). We shall use a similar 
argument as in the proof of [U Proposition 3.7] in the sequence space. Suppose 
that E is locally uniformly complex convex. Then for each x E Se and e > 
there is 5 = 6{x, e) > such that for all y E X with \\y\\ > e 

1 f^'^ 

II \x\ + \y\ \\> — / ||x + e*^y|| de>l + 5. 
27r Jo 

So X is upper locally uniformly monotone. 

For the converse, suppose that E is upper locally uniformly monotone. Now, 
if we use Theorem 7.1 in [2], then we have for every pair x, y in E, 



]^ /•27r 



x + e"^y\\d9> 
Hence for every x E Sx and e > 0, we get 



x\ H — \y\ 



1/2 



1 /"^'^ r- 

- \\x + e'%\\ de>l + N2ie/V2; x). 
27r Jo 



Therefore, the upper local uniform monotonicity of E implies the local uniform 
complex convexity of E. 

For (1)^(3), fix / with H/IUw = ||/||^/p = 1 and for any g e E^p^ with 
Mem = ll^ll^/^ > e, (EJD holds. Hence 

E[||/©(r0^?)||^,,)] > l + iVmax{i,2M(2e7C;/), 

which shows that (1)^(3) holds. 

The implication (3)^(4) is clear. Finally assume that (4) holds. Note that 
every midpoint locally uniformly convex Banach lattice is upper locally uniformly 
monotone. Indeed, if x E Sx and e, there is 5 > such that 

1 + 6 < max{||x + y\\, \\x — y\\} < \\ \x\ + \y\ \\. 

Since the midpoint local uniform convexity of E^^ implies the upper local uniform 
monotonicity of E^p\ E is upper locally uniformly monotone. This completes the 
proof. □ 

Let X be a real Banach space and A be the open unit disk in C. Let (/„) be a 
sequence of continuous functions from A into X and f : A ^ X he continuous. 
We say that (/„) converges to / with respect to the topology of norm uniform 
convergence on compact subsets of A if lim„_,oo sup{||/„(z) — f{z)\\ : z G K} = 
for all compact subsets i^' of A. We will denote by (3 the topology of norm 
uniform convergence on compact subsets of A. 

A Banach space X is said to have Kadec-Klee property with respect to topology 

r {KK{t)) if whenever (x„) is a sequence in X and x E X satisfy || X Yi 1 1 1 1 •X 1 1 1 

for all n G N and r-lim„ Xn = x, then lim„ ||x„ — x|| = 0. 
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A function / : A ^ X is harmonic if / is twice continuously different iable 
and if the Laplacian of / is zero. It is known [S] that / : A ^ X is harmonic 
if and only if x*f is harmonic for all x* G X* if and only if there is a sequence 
{a„}„ C X so that for all < r < 1, 6* G 



oo 



fire'') = 5^ a„ 

ra=— oo 

where the series is absolutely and locally uniformly convergent. 
We now define h^{A; X) for 1 < p < oo by 

hP{A; X) = {/ : A ^ X : / is harmonic and ||/||p < oo}, 

where 



/ 1 p2tt \ i/p 

P= sup - / Wfire^'W de] 

-Kr<l y^-n: Jo J 



0<r<l 

It is easy to see that on /iP(A;X), || ■ ||p is /5-lower semicontinuous function. 

It is shown by P. N. Dowhng and C. J. Lennard [6] that if h^{l\\ X) has KK{p), 
then X is strictly convex and has the Radon-Nikodym property. 

In fact, the following proposition is a consequence of the results in We 
present an easy proof. 

Theorem 3.4. If hP{A;X) has KK{(3), then X is midpoint locally uniformly 
convex. 

Proof. Suppose that X is not locally uniformly convex. Then applying Theo- 
rem [3ll] with r{9) = cos 9, there exist an e > 0, a sequence (xn) in X and x E Sx 
such that \\xn\\ > e and 

lim — / ||x + (cos0)x„f d9 = 1. 

n^oo 2n Jq 

Define /„ : A ^ X by 

fn{z)=X + ]^{z^ + -Z^)Xn 

and / : A — > X by f{z) = x. Then it is easy to see that P-\imn fn{z) = f{z). 
Notice that 

\\fn\\l= sup ^ [ \\x + r^cos{n9)xnr d9 

0<r<l ^TT Jq 



2vr Jo 



la; + cos d9. 
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Then lim„ ||/„||p = 1 = ||/||p. However 

\\fn-f\\l = sup ^ r \Kcos{n9)xnrd9 

0<r<l ^VT Jo 

II r \\p r"^^ fP r^'^ 

= L^ \cos9\fd9>— \cos9\Pd9. 
27r Jo " 27r Jo 

Hence h'P{A;X) fails to have KK{f3). The proof is complete. □ 

It is worthwhile to remark here that it has been shown in [5] that /i^(A; X) has 
KK{(3) if and only if X has the Radon- Nikodym property and every element of 
Sx is a denting point of Bx-, which is called property (G). It is easy to see that 
a Banach space with property {G) is midpoint locally uniformly convex. 

Acknowledgment. The author thanks A. Kamihska for useful comments. 
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